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いろいろな座標系(Coordinate Systems)

平野拓一

Cylindrical SphericalCartesian
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座標系(Coordinate Systems)

◼ 直交座標系(Cartesian Coordinates)

◼ 円筒座標系(Cylindrical Coordinates)

◼ 球座標系(Spherical Coordinates)



3T. Hirano

直交座標系(Cartesian Coordinates)
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変数(Variables) x, y, z

基底(Bases) ො𝑥, ො𝑦, Ƹ𝑧

線素(Line element) 𝑑𝒍 = 𝑃𝑃′ = ො𝑥𝑑𝑥 + ො𝑦𝑑𝑦 + Ƹ𝑧𝑑𝑧

面素(Surface element) 𝑑𝑺𝑥 = ො𝑥𝑑𝑦𝑑𝑧, 𝑑𝑺𝑦 = ො𝑦𝑑𝑥𝑑𝑧, 𝑑𝑺𝑧 = Ƹ𝑧𝑑𝑥𝑑𝑦

体積素(Volume element) 𝑑𝑉 = 𝑑𝑥𝑑𝑦𝑑𝑧
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ො𝑦
Ƹ𝑧
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円筒座標系(Cylindrical Coordinates)

x

y

z

𝜑
𝜌

z

x

y

変数(Variables) 𝜌, 𝜑, 𝑧

基底(Bases) ො𝜌, ො𝜑, Ƹ𝑧

線素(Line element) 𝑑𝒍 = 𝑃𝑃′ = ො𝜌𝑑𝜌 + ො𝜑𝜌𝑑𝜑 + Ƹ𝑧𝑑𝑧

面素(Surface element) 𝑑𝑺𝜌 = ො𝜌𝜌𝑑𝜑𝑑𝑧, 𝑑𝑺𝜑 = ො𝜑𝑑𝜌𝑑𝑧, 𝑑𝑺𝑧 = Ƹ𝑧𝜌𝑑𝜌𝑑𝜑

体積素(Volume element) 𝑑𝑉 = 𝜌𝑑𝜌𝑑𝜑𝑑𝑧

𝑃(𝜌, 𝜑, 𝑧)

𝑃′(𝜌 + 𝑑𝜌, 𝜑 + 𝑑𝜑, 𝑧 + 𝑑𝑧)
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球座標系(Spherical Coordinates)
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𝑃′(𝑟 + 𝑑𝑟, 𝜃 + 𝑑𝜃, 𝜑 + 𝑑𝜑)

𝑟 sin 𝜃

変数(Variables) 𝑟, 𝜃, 𝜑

基底(Bases) Ƹ𝑟, መ𝜃, ො𝜑

線素(Line element) 𝑑𝒍 = 𝑃𝑃′ = Ƹ𝑟𝑑𝑟 + መ𝜃𝑟𝑑𝜃 + ො𝜑𝑟 sin 𝜃 𝑑𝜑

面素(Surface element) 𝑑𝑺𝑟 = Ƹ𝑟𝑟2 sin 𝜃 𝑑𝜃𝑑𝜑, 𝑑𝑺𝜃 = ො𝜑𝑟 sin 𝜃 𝑑𝑟𝑑𝜑, 𝑑𝑺𝜑 =

Ƹ𝑧𝑟𝑑𝑟𝑑𝜃

体積素(Volume element) 𝑑𝑉 = 𝑟2 sin 𝜃 𝑑𝑟𝑑𝜃𝑑𝜑

ො𝜑
Ƹ𝑟

መ𝜃𝑟 sin 𝜃 𝑑𝜑

𝑟𝑑𝜃
𝑑𝑟

Onion
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球の表面積
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球の体積
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𝑟 sin 𝜃

ො𝜑
Ƹ𝑟

መ𝜃𝑟 sin 𝜃 𝑑𝜑

𝑟𝑑𝜃
𝑑𝑟

ම
𝑉

𝑑𝑉 =ම
𝑉

𝑟2 sin 𝜃 𝑑𝑟𝑑𝜃𝑑𝜑

= න
𝑟=0

𝑟

න
𝜃=0

𝜋

න
𝜑=0

2𝜋

𝑟2 sin 𝜃 𝑑𝑟𝑑𝜃𝑑𝜑

= න
𝑟=0

𝑟

𝑟2𝑑𝑟න
𝜃=0

𝜋

sin 𝜃 𝑑𝜃න
𝜑=0

2𝜋

𝑑𝜑

=
𝑟3

3
0

𝑟

∙ − cos 𝜃 0
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変換(Transform): 𝑥, 𝑦, 𝑧 ↔ (𝜌, 𝜑, 𝑧)

ቐ
𝑥 = 𝜌 cos 𝜑
𝑦 = 𝜌 sin𝜑
𝑧 = 𝑧

൞
𝜌 = 𝑥2 + 𝑦2

𝜑 = tan−1(𝑦/𝑥)
𝑧 = 𝑧

位置ベクトル(Position Vector)

ො𝜌

ො𝜑Ƹ𝑧

ො𝑥
ො𝑦

Ƹ𝑧

x
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z

𝑧
𝜌

𝜑𝑥

𝑦

(𝜌, 𝜑, 𝑧) → 𝑥, 𝑦, 𝑧

𝑥, 𝑦, 𝑧 → (𝜌, 𝜑, 𝑧)
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変換(Transform): 𝑥, 𝑦, 𝑧 ↔ (𝜌, 𝜑, 𝑧)

ベクトル (Vector)

ቐ
ො𝑥 ∙ ො𝜌 = cos𝜑
ො𝑥 ∙ ො𝜑 = −sin𝜑

ො𝑥 ∙ Ƹ𝑧 = 0

൞

ො𝑦 ∙ ො𝜌 = sin𝜑
ො𝑦 ∙ ො𝜑 = cos𝜑
ො𝑦 ∙ Ƹ𝑧 = 0

ቐ
Ƹ𝑧 ∙ ො𝜌 = 0
Ƹ𝑧 ∙ ො𝜑 = 0
Ƹ𝑧 ∙ Ƹ𝑧 = 1

Calculate inner products of bases.

Transform (𝑥, 𝑦, 𝑧) 𝑨 = ො𝑥𝐴𝑥 + ො𝑦𝐴𝑦+ Ƹ𝑧𝐴𝑧 to 𝜌, 𝜑, 𝑧 expression.

𝑨 = ො𝜌 ො𝜌 ∙ 𝑨 + ො𝜑 ො𝜑 ∙ 𝑨 + Ƹ𝑧 Ƹ𝑧 ∙ 𝑨

= ො𝜌 ො𝜌 ∙ (ො𝑥𝐴𝑥 + ො𝑦𝐴𝑦+ Ƹ𝑧𝐴𝑧)

+ ො𝜑 ො𝜑 ∙ (ො𝑥𝐴𝑥 + ො𝑦𝐴𝑦+ Ƹ𝑧𝐴𝑧)

+ Ƹ𝑧 Ƹ𝑧 ∙ ( ො𝑥𝐴𝑥 + ො𝑦𝐴𝑦+ Ƹ𝑧𝐴𝑧)

= ො𝜌 ( ො𝜌 ∙ ො𝑥)𝐴𝑥+(ො𝜌 ∙ ො𝑦)𝐴𝑦+( ො𝜌 ∙ Ƹ𝑧)𝐴𝑧

+ ො𝜑 ( ො𝜑 ∙ ො𝑥)𝐴𝑥+( ො𝜑 ∙ ො𝑦)𝐴𝑦+( ො𝜑 ∙ Ƹ𝑧)𝐴𝑧

+ Ƹ𝑧 ( Ƹ𝑧 ∙ ො𝑥)𝐴𝑥+( Ƹ𝑧 ∙ ො𝑦)𝐴𝑦+( Ƹ𝑧 ∙ Ƹ𝑧)𝐴𝑧

Substitute

Inverse transformation is the same as well.

After transformation

Before transformation
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変換(Transform): 𝑥, 𝑦, 𝑧 ↔ (𝑟, 𝜃, 𝜑)

(𝑟, 𝜃, 𝜑) → 𝑥, 𝑦, 𝑧 ቐ
𝑥 = 𝑟 sin 𝜃 cos𝜑
𝑦 = 𝑟 sin 𝜃 sin𝜑
𝑧 = 𝑟 cos 𝜃

位置ベクトル(Position Vector)

𝑟 = 𝑥2 + 𝑦2 + 𝑧2

𝜃 = cos−1(𝑧/ 𝑥2 + 𝑦2 + 𝑧2)

𝜑 = tan−1(𝑦/𝑥)
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𝑥, 𝑦, 𝑧 → (𝑟, 𝜃, 𝜑)
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変換(Transform): 𝑥, 𝑦, 𝑧 ↔ (𝑟, 𝜃, 𝜑)

ベクトル (Vector)

൞

ො𝑥 ∙ Ƹ𝑟 = sin 𝜃 cos𝜑

ො𝑥 ∙ 𝜃 = cos 𝜃 cos 𝜑
ො𝑥 ∙ ො𝜑 = −sin𝜑

൞

ො𝑦 ∙ Ƹ𝑟 = sin 𝜃 sin𝜑

ො𝑦 ∙ 𝜃 = cos 𝜃 sin𝜑
ො𝑦 ∙ ො𝜑 = cos 𝜑

ቐ
Ƹ𝑧 ∙ Ƹ𝑟 = cos 𝜃
Ƹ𝑧 ∙ 𝜃 = −sin 𝜃
Ƹ𝑧 ∙ ො𝜑 = 0

Calculate inner products of bases.

後の手順は前の資料と同じ。


